Abstract. We have studied the hidden long-range order (LRO) of the frustrated pyrochlore magnet Tb2Ti2O7 by means of specific-heat experiments and Monte-Carlo (MC) simulations, which has been discussed as the LRO of quadrupole moments inherent to the non-Kramers ion of Tb 3+ . We have found that the sharp specific-heat peak is collapsed into a broad hump by magnetic fields above 0.3 T for H//[001]. This result, qualitatively reproduced by MC simulations, suggests that a field-induced magnetic state overcomes the quadrupolar LRO state, as a similar case of a classical spin ice. The present results support the interpretation that Tb2+xTi2−xO7+y is a unique material in the boundary between the quadrupolar (x ≥ xc = −0.0025) and spin-liquid (x ≤ xc) states, where the magnetic field along the [001] axis is a tuning parameter which induces the magnetic ordered state.
Introduction
Geometrically frustrated magnetic systems provide us with a rich playground for studying new type of electronic and magnetic behaviors with unconventional order parameters [1, 2] . In particular, the pyrochlore-lattice magnet Tb 2+x Ti 2−x O 7+y , a putative candidate of spin liquid (SL) [3, 4] , is a unique material showing an unknown long range order (LRO) in the vicinity (x ≥ x c = −0.0025) of the SL state [5, 6] . It is found that a clear specific-heat peak appears at T c ≃ 0.5 K for the sample with x = 0.005, while no LRO associated with the large magnetic and/or structural phase transitions was observed [5] : the only small Bragg peak (the order of 0.1 µ B /Tb) appears below T c but is too small to explain the corresponding entropy change in the specific heat. Therefore, the LRO of Tb 2 Ti 2 O 7 is considered to be a "hidden order" [7] , apparently contrast with the magnetic dipole order inferred by earlier theories on the basis of the spin ice (SI) Hamiltonian [8, 9] .
Recently, we have investigated the single crystalline sample of Tb 2+x Ti 2−x O 7+y with x = 0.005 (T c = 0.53 K), and found experimental key ingredients of the hidden order [10] ; i.e., two-step magnetization kink and double peak structure in specific heat, which are induced by magnetic field for H// [111] . We have demonstrated those as characteristics of the behaviors of a possible electric quadrupole ordering [10] , by using classical Monte Carlo (CMC) and quantum Monte Carlo simulations on the basis of the theoretical model proposed by Onoda and Tanaka [11, 12] . This theory shows that transverse super-exchange interactions between quadrupole moments, which are set into the SI Hamiltonian as an additional term, play a driving force of the LRO, making Tb 2 Ti 2 O 7 into a type of a quadrupole order in the vicinity of the SL state [11] [12] [13] . Following this interpretation, we have also pointed out that the appearance of the inelastic neutron excitation can be understood in terms of the spin-quadrupole wave [10, 14] . These results suggest that the problem of the hidden order in Tb 2 Ti 2 O 7 can now be reconsidered as the novel problem of the quadrupole order in the frustrated pyrochlore magnet with the nonKramers ion of Tb 3+ .
The purpose of the present study is to examine the quadrupole order of Tb 2 Ti 2 O 7 by measuring physical quantities in magnetic field along other directions for H//[111], which provide another evidence for the origin of the hidden order and may induce exotic magnetic properties. For this purpose, we performed specific heat experiments under magnetic field for H//[001]. CMC simulations are also performed. We found that the sharp peak of the specific heat at H = 0 is suddenly suppressed by the magnetic field along [001] . This behavior is understood in terms of the realization of the field-induced magnetic state in weak [001] fields above 0.3 T.
Experimental
Single crystals of Tb 2+x Ti 2−x O 7+y were grown by a floating zone method [6] . We used the crystal with x = 0.005 in this study. Specific heat C P (T, H) was measured by a quasi adiabatic method in a dilution refrigerator down to 0.1 K. Magnetic field was applied using a vector magnet system where an accuracy of the field direction to the sample is below 1 • . In order to reduce the demagnetization effect, we used a plate-like crystal, cut out from a single crystal rod, along the 110 plane which includes the [111], [110] , and [001] axes. The sample is approximately 0.7 × 0.9 × 0.1 mm 3 and weighs 0.35 mg: this crystal is the same crystal used in the previous study [10] . Since the demagnetization factor for the [001] direction is small enough (N ≃ 0.09), demagnetization corrections were not performed in the present study.
CMC simulations were performed using the program of the ALPS package (1024 sites, periodic boundary conditions) on the basis of the effective pseudospin-1/2 Hamiltonian [11, 12] relevant for the non-Kramers magnetic doublets of Tb 2 Ti 2 O 7 . We employed the nearest-neighbor (NN) classical SI model for the first three terms of Eq. (1) of Ref. [10] and used following parameters, J nn,eff = 1.48 K, J nn * δ = 0, and J nn * q = 0.85, so that those correspond to the previously used parameters [10] . These parameters are in the region of the planar antiferropseudospin (PAF) state. Readers are referred to Ref. [10] for details of the Hamiltonian and the parameters. We calculated the specific heat under the [001] field in the present study. We also computed the order parameter of the quadrupolar LRO, which is a type of magnetization associated with the LRO of the xy-components of the Pauli matrices σ r : the quadrupolar LRO can be expressed by a pseudospin structure ( σ x r , σ y r ) in the model of Refs. [11, 12] . Figure 1 shows the temperature dependence of C P (T, H) measured at several magnetic fields up to 1 T. The sample exhibits a clear sharp peak at T c = 0.53 K in zero field, which is compatible with the behavior of the polycrystalline sample of x = 0.005 [5] . Remarkably, once a magnetic field is applied along [001], the sharp peak is collapsed into a broad hump in fields above 0.3 T. This result suggests that the zero-field LRO state is weak for the application of magnetic field for H//[001]. In the inset of Fig. 1 The black solid line up to 0.2 T indicates the phase boundary between the quadrupolar (3D PAF) state and the paramagnetic state. The black dashed line is the line of the crossover between the paramagnetic state and the field-induced magnetic state. The gray solid line is the putative phase boundary between the 3D PAF state and the field-induced magnetic state, which is examined from the analysis of CMC simulations. Labels in the phase diagram are assigned from the analysis of CMC simulations (Fig. 3) . Figure 2 shows the temperature dependence of the calculated specific heat. We confirmed that the experimental behaviors are qualitatively reproduced by CMC simulations, although the slight lowering of T c is observed in low field. In fact, we observed the abrupt change in the peak height of the specific heat in CMC simulations for H//[001]. This result implies that the present model [11, 12] works well for the discussion for the LRO of Tb 2 Ti 2 O 7 , where the dominant component for the formation of LRO is the super-exchange interaction between quadrupole moments.
Results and Discussion
In Figs. 3(a) -(c), we present contour plots of the calculated specific heat, order parameter of the quadrupolar LRO, and magnetization M . The map of specific heat shows the qualitatively similar behavior for experiments, where the abrupt change appears around T c in low fields and the broad hump shifts to high temperatures when the field is increased. The phase boundary extending to low temperatures is less obvious, however it can be expected by the appearance and disappearance of order parameters as shown in Figs. 3(b) and (c) . In fact, we confirmed that the order parameter of quadrupole moments develops in the low-H and low-T region below T c . Here, this quadrupolar state is found to be the three dimensional (3D) PAF state [10, 14] . However, it is soon destroyed by the large magnetic field for H//[001] (Fig. 3(b) ). We realized that M is developed in such field region (Fig. 3(c) ). The value of M in the phase boundary is about 70% of the full magnetic moment for the [001] direction (∼ 2 µ B /Tb): note that the present CMC simulations can only handle the contribution of the magnetic moment of the ground state doublet (µ ≃ 5 µ B /Tb) [10, 14] , and then the fully saturated moment of M along the [001] direction is µ/ √ 3 due to the anisotropy of the [001] direction [15] . Interestingly, we found that the boundary, accompanied by the specific-heat peak and the disappearance of the quadrupole order parameter, emerges at the line of such 70% magnetization (Figs. 3(a)-(c) ). This result implies a phase boundary between the quadrupolar LRO state and the field-induced magnetic state or the paramagnetic state (T < T c ), and a crossover from the paramagnetic state to the field-induced magnetic state (T > T c ) (Fig. 3(d) ). This situation is probably realized in the experiments for H//[001]. In fact, in the previous magnetization experiment by Legl et al. [17] , the sharp increase of M has been observed for H//[001]. The field where the magnetization reaches 2 µ B /Tb is 0.3 -0.4 T at T ≤ 0.3 K. This is compatible with the present CMC calculations and the experimental results.
Studies of bulk physical properties in magnetic field are indirect observation for the origin of the quadrupole ordering. However, we can observe key signatures associated with the formation and deformation of its ordering. Therefore, the present specific heat experiment for H//[001] and analysis by CMC simulations are important clues to discuss the origin of the LRO of Tb 2 Ti 2 O 7 , which should be a quadrupole ordering and is weak for the [001] field . We can now consider that Tb 2 Ti 2 O 7 is a very unique material showing two ground states, the quadrupolar-LRO state and SL state, which are tuned by the minute change in the off-stoichiometric parameter of x for Tb 2+x Ti 2−x O 7+y [5, 6] . Magnetic field is also a tuning parameter which instead induces the magnetic ordered state for H//[001].
Conclusion
In conclusion, we have studied the long-range order (LRO) of the frustrated pyrochlore-lattice magnet Tb 2 Ti 2 O 7 , which emerges in the vicinity of the spin liquid state by tuning the parameter x for Tb 2+x Ti 2−x O 7+y . We measured the specific heat of the single crystal with x = 0.005 (T c = 0.53 K) and found that the sharp specific-heat peak is suddenly suppressed by magnetic field for H//[001]. We demonstrated that the experimental behavior is qualitatively reproduced by the classical Monte Carlo simulation on the basis of the Onoda-Tanaka Hamiltonian. These results imply that the field-induced magnetic ordered state overcomes the quadrupolar LRO state at magnetic fields above 0.3 T. This behavior is characteristic for the magnetic field along [001] . The present experimental and calculation results support the scenario that the LRO of Tb 2 Ti 2 O 7 is a quadrupole order, mediated by a quantum phase transition from a spin liquid state, where the magnetic field can be used as a tuning parameter as well for the realization of a magnetic ordered state.
